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Abstract- In this article we propose an approach based on the 
analysis of phase space of time series, in order to improve the 
filtering process. In some applications the traditional filtering 
process can produce results that lead to a insufficient 
representation of the information contained in the signal. Using 
phase space we can have a different meaning for noise, its 
correlation with the signal and a supporting theory for accurate 
filtering. 

 
I. INTRODUCTION 

In most signal processing applications, one of the major 
problems is noise. This affects the signal to levels that can 
pervert the information it contains. Signal can be seen in 
different ways, based on complementary representations for 
better filtering, where noise appears more, or less, evidently. 
This is the stage of signal and noise analysis, in a space that 
allows us to differentiate both entities. In the phase space 
representation noise appears under a new perspective, as a 
scattered trajectory around a main shape - the signal. Here 
signals have a clear shape, on a space with specific 
behaviours, and noise appears around it.  

In general the ways to typify noise can give a partial idea of 
how it is associated to signal, but none a full, or exact 
representation of it. Models and statistic methods of noise 
classification in sampled signals are well-known. They permit 
a global analysis yet, only if we have some previous 
information, we are capable of applying the right filter 
method [1].  

In general, filtering is based either on frequency space or 
time space methods. Processes based low pass, high pass or 
band pass filters, or on moving averages, median filters or 
morphological techniques, all based on masks are used, 
produce different results. All these methods take away, from 
the signal, parts of information along with noise, which can be 
relevant for further processing.  Either we transform the signal 
from the time domain to frequency domain, or we simplify the 
process acting directly in signal values, to reduce noise 
presence. But how accurate can be the filtering process, and 
how is mixed noise with the signal? Having an idea of how 
these two parts of the puzzle fit together, we might anticipate 

or conduct, the filtering process, under frequency or time 
domain. 

Therefore, the main question is how to understand noise, 
how it changes signal shape, so as to take it away and keep the 
relevant information. If we are able to “see” (or understand) 
noise in the phases it takes during filtering, and how it affects 
the signal, then the process can be supervised, and information 
maintained. In other words, the kind of treatment to reduce 
noise, the most appropriate for a specific application, 
considering that noise can be understand, and applied, 
supported in the analysis of the phase space. This space allows 
us to see noise in its different states while “modulated” by the 
signal states. The primal shape of the signal assumes several 
states, and noise makes other states around those. Phase space 
is an interesting tool for noise and signal comprehension, and 
can be of extreme help for its manipulation.  

 

II. FILTERING TECHNIQUES 

Filtering techniques are processes usually based on frequency 
methods. Here we should, in anticipation, know what part of 
the signal we need to keep (the lower or higher frequencies).  
 
For that filters are used by calculating the Fourier transform, 
meaning transforming the signal from the time space to the 
frequency space, to have a description of it. In the frequency 
space, unneeded parts are taken away multiplying the 
transformed signal by the adequate filter function. After this 
the signal is converted back into the time domain, without the 
elements taken by the filters. This form of eliminating 
unneeded parts is time expensive because each point in the 
frequency space needs the contribution of all points in the time 
space.  
 
The same occurs in the reverse Fourier transform. Having the 
signal and some extra information, the filters depends on the 
information expected, or needed, in the output. Yet this choice 
can be lead from data obtained from the Fourier transform by 
the analysis of the signal power spectrum. This scheme can be 
seen in figure 1, were Filter means a generic filter such as a 
Low-Pass, High-Pass, Band-Pass of any type. 
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The following images show examples of this method, applied 
to typical signals corrupted by noise. 
 

 
From a computing perspective, this method is time 

consuming, and several variations can used, either by different 
algorithms techniques, or by employing dedicated boards.  

Another way to obtain similar results is to use filtering 
techniques directly on the time domain, meaning on the signal 
samples, by the convolution of a moving mask with the signal. 
Some of these methods derive from the Fourier transform, but 
all are based in recombining in a certain way the information 
contained in the mask and the samples. The mask visits all the 
points, in an orderly way, and generates an output signal. The 
combination of the values of the points and the mask, have to 
be analysed so as to achieve the desired result. For instance a 
Low-pass filter can be made from a moving average mask, 
with specific weights that try to behave as its frequency 
counterpart. A high pass filter is made from a gradient 
operator. A band pass filter by two different moving average 
masks. In the following example we used a 3 points mask that 
scans the signal and calculates the average of these 3 points 
multiply by the mask coefficients and places the result in the 
output signal, named f1(t). 

 
 

Different mask size, with combinations of weights can be 
used, several times (i.e. iterations) to obtain the expected 
result. In general weights can be extracted from the Fourier 
transform, but most are user defined. Other techniques are 
based in a different approach where the values of the signal 

f(t) are combined using specific criteria, such as the median 
value of the set under the mask, or the maximum, or minimum 
of it.  

 
Mathematical Morphology [2] has a considerable set of 

techniques. All of them considered noise as a high frequencies 
disturbance, seen as abrupt peaks, or narrow valleys in the 
signal. The following images present two signals filtered using 
this method. 

Complementary approaches to these kinds of filters exist 
and are based on different criteria, such as neural networks, 
where we try to teach a network to behave in a specific 
manner so as to clean out the noise that corrupts the 
information. The implementation of the network is somewhat 
different, but the results tend to be equivalent. The main 
question is to seek for a way to identify and classify the signal 
and noise, so that we will be able to take away the information 
not desired. 
 

III. PHASE SPACE 

The chaos theory supports ways to represent and analyse 
non-linear signal, meaning those that each sample is, 
somewhat, related to the previous one of the same signal. The 
chaos theory is normally associated to dynamic systems, and 
defines a set of functions that specify how signals change over 
time, meaning, how they behave. In general non-linear series 

are mostly determined by their seed conditions, i.e. the initial 
conditions. The functions treated by chaos are, either 
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Figure3 - Filtering in the time domain 

 
Figure4 - Rectangular signal original (bellow) and corrupted by noise. 

 
Figure 5 -Rectangular signal original (bellow) and filtered by median filter 

(window size: 5 points) 
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Figure1-Scheme of the frequency filters method. 

 
 
 

 
Figure2 - Rectangular signal corrupted by noise, its Fourier transform, and 

the result of filtering in the frequency domain. 
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Figure 6 - The phase space. 
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determined or obey the non-linear principle, so its analysis can 
be done by using some of its techniques [3, 4]. 

One of most interesting representation is the return map 
where f(i) is plotted against f(i+1), allowing a signal to be 
analysed in its behaviour in different phases along its 
evolution in time.  
 

This is also named by some authors as the phase space. 
Several work as been done in this domain, trying to find ways 
to correlate the behaviour of a time series and the states they 
take, but, when applied to time dependent signals, the results 
can be poor, specially when corrupted by noise. Yet when 
using non-linear series it is clear that we can find a pattern in 
the return map, as can be seen above - the case of the Hennon 
series, its Fourier spectrum and the return map. 
 

 

 
Looking forward to find a way to represent generic signals 
(i.e. sampled signals f(t)), looking to classify its behaviour and 
the noise, we have used this representation. In some case it is 
obvious that the signal has natural and well defined phases, 
described in the return map, but in other it is more complex, as 
seen in the next examples.  
 
In general when a signal contains noise [5, 6, 7] this one 
changes the shape of the signal in such a way that it might 

become impossible to use. But using the return map we can 
have a different perspective of it. Let us consider the co sinus 
signal presented above, added with some noise generated by a 
random function, and let us take a close look to the return 
map, as presented in the next image. 

 
We can see that the signal as a line of points (elliptical form), 
corresponding to the Cos, surrounded by a cloud of points - 
noise points – around the main shape. 
 
Two aspects are to be considered: the first that the return map 
gives a representation were points cannot be easily separated 
in disjoint sets, corresponding to noise and signal. The second, 
the fact of having a return map made out of f(i) and f(i+1) 
points could limited this comprehension because the shapes 
are oriented along a diagonal region. In order to try to enlarge 
the comprehension of the points, we have created a variable L 
that shifts points in this return map, meaning f(i) versus f(i+L) 
as presented in the following scheme. This can be 
implemented for maps in 2 dimensions, or in higher order 
dimensions. 
The results (see next images) showed that when L increases 
there is a rotation of the points in the representation, where we 
can understand the signal and the noise. 
 

   
Figure 9 - Return map of the Cos function for different L values. 

 
This means that changing L allow us to “rotate” the signal in 
the return map, where all points keep the order. In other words 
the changed return map allow us to see signals as a set of 
points surrounded by a cloud that are the points scattered by 
noise around the primal shape of the signal. Evaluating 
different cases it is possible to understand, and even 
characterised noise, as the function that scatters points along a 
main trajectory [8]. Yet each signal as is specific behaviour in 
this representation. Periodic signal present themselves as 
closed forms around a central point, while signals such as a 
rectangular wave have defined zones that correspond to the 

  
Figure 8 - Return map of the Cos function signal corrupted by noise. 

 

 
Figure7 - Hennon’s Fourier spectrum and its return map. 

 

 

 
Figure 10 - Sic(x) and the phase space for L=9, 12 and 24 respectively. 
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transitions in it, as can be seen in the following images case 
sic(x) = sin(x)/x 
 
 
An interesting case occurs when we have the blend of a 
chaotic series and a time series such as a Cos function. We 
have added the Hennon’s series to the Cos function and their 
representation is: 

 
 

 

   
Figure 12 - Return map with L=1, L=2, and L = 20. 

 
In this last example it clear that we can follow, visually 
speaking, the Cos shape, and the Hennon’s series – they are 
two different series for better visualization. While the Cos 
shape maintains its round (natural) shape, the Hennon series 
while L=1 or L=2 presents a quadratic behaviour, but when 
L=20 as a random presentation, the same that is blended to the 
Cos function. The gold question is to how can be applied to 
other kinds of signals. 
 

IV. THE FILTERING APPROACH 

 
Our main problem was to find a filter to treat signals from a 
foetal cardiac system, where they are strongly corrupted by 
noise. These signals are to be used in a complementary 
classification process, not to be described here, where the 
noise as to be eliminated, but the main stream of the signal 
kept. Several techniques where tried, with different results.  
The processes that produced best results are based on a mix 
median plus moving average filter, with increasing size mask, 
and having a halt criteria based on statistical parameters 
extracted during each iteration cycle. Simultaneously we have 
developed a program to treat the signal in the traditional way- 
meaning frequency and time series domains- but also allowing 
the representation in the phase space. Several signals where 
tested looking for an accurate process to verify the correctness 
of the treatment.  
Next we present some of these signals. 

Figure 13 - Original signal superposed to the filtered signal 
 
 

  
Figure 14 - Return map, with L=20, of the original signal and the filtered 
signal (on the left) and the same map of the filtered signal alone (right). 

 
Signal ICGVP_3 with 1171 points. 
 

Figure 15 - Original signal superposed to the filtered signal. 
 

   
Figure 16 - Return map, with L=20, of the original signal and the filtered 

signal (on the left) and the same map of the filtered signal alone (centre) and 
with L=30 (right). 

 
All the cases behave the same way: after the filtering 

process the resulting output signal posses a coherence in the 
return map that fits the aim of the remaining treatments [9, 10, 
11, 12]. One of the interesting facts is that when L changes the 
filtered signal, in the return map, turns after an axis vertical, 
but the points in this representation keep their coherence. 
When noise points are presented they behave the same way 
yet no primal shape can be seen. This information can be of 
help for further developments, in order to define a main 
trajectory (of the signal) in the return map, and then use it to 
follow sequential points for filter. 

 
 

Main line after filtering 

Noise points 
 

 
Figure 17 – the notion of main line and noise points 

Figure 11 - Hennon’s series in the middle added to the Cos function. 

L= 20
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In other words, when L changes the representation of the 
signal turns over an axis but the points keep their relative 
position, which can be used to define a main path, noise being 
measured by the distance to that main line. This way we can 
have a measure of the signal, and of the noise it contains. 

 
Moreover, while L changes the observed rotation of the 

filtered signal, which is not perceptible in the input (and not 
filtered signal) as a specific shape that can be associated to the 
variation in time of the input, like a signature. In other words, 
it is a signature of the signal that might be used for further 
classification by changing L along a set of values and 
observing the primal shape. Similar signals will have, for a 
given set of values of L, a similar shape being, therefore, 
comparable. Noise appears as points surrounding that primal 
shape. If we increased the dimension of the return map, the 
relative position of signal primal shape, and scattered noise 
points are the same, and seen in the next image for the Cos 
function.  
 

  
Figure 18 – The main line and noise points for a higher dimension 

 

V. CONCLUSIONS 

In this paper we have briefly described an approach made to 
classification and filtering of signals, using representations 
form the chaotic theory. This approach can lead to a new way 
of classifying signals and noise associated trough the analysis 
of the shape in a different space. More work is under 

development, and the results are promising, opening, 
eventually, the way to the implementation of a new kind of 
filtering techniques based on the observation of the behaviour 
of signals in the phase space.  
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